SYDNEY BOYS HIGH

SCHOOL
MOORE PARK, SURRY HILLS

2003

TRIAL HIGHER SCHOOL
CERTIFICATE

Mathematics Extension 2

General Instructions Total Marks — 120
¢ Reading Time - 5 Minutes e Attempt all questions.
e Working time - 3 hours e All questions are of equal value.
e Write using black or blue pen. e Each section is to be answered
Pencil may be used for in a separate bundle, labeled
diagrams. Section A (Questions 1, 2, 3),

Section B (Questions 4, 5, 6) and

e Board approved calculators may Section C (Questions 7 and 8).

be used.

e All necessary working should Examiner: C.Kourtesis
be shown in every question.

Note: This is an assessment task only and does not necessarily reflect the content or format
of the Higher School Certificate.
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Section A
Start a new answer sheet

Question 1. (Start a new answer sheet.) (15 marks)

(@)

(b)

©

(d)

©)

®

[ 4

Find _J mdx

Use integration by parts to find

J te* dt

Use the substitution u#= 2+ cosf to show that

3 sin20 2
=2+41 —
fo 2+c0s0d0 Og”(3)

2r
Evaluate J |sin x| dx
0

Determine whether the following statement is True of False, and give a brief reason

for your answer.

x5
Lx 32
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Question 2. (15 marks)

(@)

(b)

(d)

(e)

(i)  Express w=—-1—i in modulus-argument form.

.. 12 . .
(i))  Hence express w* in the form x + iy where x and y are real numbers.

Find the equation, in Cartesian form, of the locus of the point z if
o= il=lz+3].

Sketch the region in the Argand diagram that satisfies the inequality

re(z)s
el—|<=.
Z 2
(1) On the Argand diagram draw a neat sketch of the locus specified by

arg(z+1) :g.

(i)  Hence find z so that |z| is @ minimum.

Points P and Q represent the complex numbers z and w respectively in the Argand

Diagram.

If AOPQ (where O is the origin) is A
equilateral Q(w

_— P(z)
(i)  Explain why wz=z"cis—.
3 >

(i)  Prove that 7" +w’ = zw.
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Question 3. (15 marks)

Marks

@) Sketch the following curves on separate diagrams, for — 37” <x< 377?

[Note: There is no need to use calculus. ]

(1) y =tanx 1

(i) y=lanx]| 1

Gii)  y=tan|x| 1

(iv) y=tan’«x 2
(b) Consider the function f(x)= ﬁ , x>0

(1) Determine the domain and write down the equations of any asymptotes. 2

(i1) Show that there is a minimum turning point at (e, e). 3

(iii)  Show that there is a point of inflexion at x =¢”. 3

(iv)  Sketch the graph of y = f(x). 2

SHS 2003 Extension 2 Trial HSC Page 4



Section B
Start a new booklet.

Question 4 (15 marks)

Marks
(@ (i) By solving the equation z’ =1 find the three cube roots of 1. 2
(i) Let w be a cube root of 1 where w is not real. Show that 1 +w + w” =0. 1
(ii1))  Find the quadratic equation, with integer coefficients, that has roots 4 +w and 3
44w,
(b) A monic cubic polynomial, when divided by x* +4 leaves a remainder of x + 8 and 3
when divided by x leaves a remainder of —4 . Find the polynomial in expanded form.
(¢)  Consider the polynomial P(z)=z" +az’ +bz+c¢ where a, b and ¢ are all real.
If P(0i)=0 where 0 is real and non-zero:
(i)  Explain why P(-0i)=0 1
(1)  Show that P(z) has one real zero. 1
(i) Hence show that ¢ = ab, where b > 0. 4
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Question 5 (15 marks)

(@)

(b)

©

A particle of mass m falls vertically from rest at a height of H metres above the
Earth’s surface, against a resistance mkv when its speed is v m/s. (k is a positive
constant).

Let x m be the distance the particle has fallen, and v m/s its speed at x. Let g m/s” be
the acceleration due to gravity.

(1) Show that the equation of motion is given by

kv
vdx g

(i)  If the particle reaches the surfaced of the Earth with speed V,, , show that

2
H
ln(l— kV°)+ KV, + k =0.
8 8 8

(ili)  Show that the time 7 taken to reach the Earth’s surface is given by

1 g
= kln(g—kVoj'

(iv) Show that V,=Tg—kH .

1 kH
(v)  Hence prove that T < T +—.

8

The letters A, B, C, D, E, F, 1, O are arranged in a circle. In how many ways can this
be done if at least two of the vowels are together?

A man has five friends. In how many ways can he invite one or more of them to
dinner?
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Question 6 (15 marks)

(@)

(b)

(1)

(i)

(iif)

(iv)

(v)

(i)

(iif)

Expand (cos6 +isin6)’ and hence express cos36 and sin36 in terms of cos@

and sin@ respectively.

£ =3t

3] where t=cot 6.

Show that cot 30 =

Solve cot30=1for 0 <0< 2.

T S o
H h h —.cot—.cot—=—1.
ence show that cot12 cot B cot B
Write down a cubic equation with roots tan£ tanS—n tan9—7r
Wi & cuble equation w 12 My My

[Express your answer as a polynomial equation with integer coefficients.]

Draw a sketch showing that if f(x) and g(x) are continuous functions and
f(x)>g(x)>0 for a< x< b then

J fx)dx > J 8(x) dx.

Show that y =tan x is an increasing function for 1 <x< 3

3 4
Prove that jS taﬂalx > logg(—] .
Zox 3
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Section C
Start a new booklet
Question 7 (15 marks)

(a) ‘
i Ifrl = J x(Inx)"dx (where n is a non-negative integer)

1
2

show that I = % —gln_l (where n>1).

(i)  Hence evaluate I;.

(b)

> =

» X

0 Vo

The diagram shows the graph of y = x2(6 - xz) for 0 < x <6 . The area bounded
by this curve and the x-axis is rotated through one revolution about the y-axis.

Use the method of cylindrical shells to find the volume of the solid that is generated.

Question continued .....
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©

The two circles intersect at A and B. The larger circle passes through the centre C of
the smaller circle. P and Q are points on the circles such that PQ passes through A4.
QC is produced to meet PB at X.
Let ZOAB=0.
(1  Make a neat copy of the diagram on your answer sheet.

(i)  Show that ZBCX =180°-6.

(iii) Prove that ZPXC =90".
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Question 8 (15 marks)

Marks
(@  Two of the roots of x* +ax’ +bx+c¢ =0 are  and 3. 4
Prove that of is a root of x* —bx” +acx—c’ =0.
(b) The points P, and P, represent the complex numbers z and z, on the Argand
diagram.
Py(z,)
A
F(z)
>
0
(i)  Prove that |z, —z,| > |z~ || 2
. 4 . .
(i) If }z— —‘ =2 prove that the maximum value of || is ¥/5 +1. 3
Z
(c) (1)  Prove that if the polynomial equation P(x) =0 has a root of multiplicity n, 2
then the derived polynomial equation P’(x)= 0 has the same root with
multiplicity n—1.
(i)  Ifthe equation x’ +3px’ + 3gx +r =0 has a repeated root, show that this 4
root is r_zi , where p’ #g¢.
2(p*~q)

This is the end of the paper.
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STANDARD INTEGRALS

1 )
er"dx =Tx"+l, nz-1;x#0,ifn <0
n

rldlenx,x>0
J x

1
reaxdx =—e™, a#0
J a
rcosaxdx:lsinax, a#0
J a
rsinaxdx=—lcosax, az0
J a
1
rseczaxdxz—tanax,
J a
Jrsecaxtanaxdx :lsecax, az0
a

1 |
( 2a’_x:—‘[an 1£, a#0

Ja2+x a a
(1

X
dx =sin'=, a>0, —a<x<a
J Va? - x? a

1
—dx=ln(x+\/x2—a2),x>a >0

JNx?=a?

R
1
—_—x =ln(x +\/x2+ az)
I+ &

NOTE Inx =log,x, x>0
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Qu;,rh'on 3
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4. {a) (i) 2-1=0,
(z— 2% +z41) = 0,
Cr=1ar 1?2__ vi-4
—1£+3
= 1 ar —

(i) (w—1)w?+w+1) =0 from {).
Noww#1, - w?+w+1=0

(i) o+f=4+wt+d+u?
T+1+w+w?
7.
aff = 16 + dw + dw?® + 0%,

2441+ wtwd)+1,.
13.
=T +13=0.

LI (T

(5) Pa) = 2®+az? + bz + e
P(0) = e=4.
P(z) = (z* +4){z + o) + z+ 8.
P(0) = doe+ 5= —d,
o= -3,

(2 +4}z—3)+8=a -3 +4x - 12+ 2 +8§.
Py =28 - 322 + 5 — 4.

{c} (i) As the polynomial has real coefficients, if (z - if) i3 a factor
ther (z + i#) is also a factor [conjugate root thecrem).
ie., P(—if) = 0.

(i) (2% + 6") is & factor of P{z). Let {2 — &} be the last factor.
Sum of roots is 8 —H + o = —a.
i.e., & = —a which is real,
*. & is real and there is one real root.

{lii) Toking roota two ab & time,
b = @* + fia — Bia,
= {2,
L b>0 s feRR
Product of roots, —¢ = —§%%(—qa),
¢ = {2,
= ab,

5 {a) (1) mka . F, = ma = mg—mky,
a= g-—ku,

0 -~ i.e. v% = g—ku

g




&) fda: ]‘vdv

g-kv'
g— kv ok d
R:fg m g /g-k:u'
T = ..,.;;H ]n(y ku} +c.
When x =0, '0—0 soe=r1klng.

H:r‘?-ln( 4 )—E

k* y— k¥ k
— b
Rearranging, In (g—wﬂ) + B_!Kn_ + ﬂ = {},
g g él;'
i, 10(1—%) +&YE+§’£ = 0.
g g g

-1 { —kde
fdt— & J gk

= u%ln(g—kﬂ)-&-c.
Whent=10, =0, ,, c={lng,
Sot:-;l;]n( g )

g—kuv
Whent=T, v=1,

1 g
=Zln{—2_.).
k (S' - kVo)
{iv) In (1 - %ﬂ) = ~kT from ().
Substitute in (i),

l4% 2
ﬁkT.;._"._}.If_‘?_: 0,
g g s
B _ o BH
g g
Vo = g7 —kH.
(¥) Terminal velocity occurs when & = 0,
; =2
ie. VT_k'
Now T < Vr,
P |
o < T
T = Kc'-»{»-‘I"—frorn {iv),

a g
Polyly i
kg g
T< 1+

kg



6.

(b) At least two together = not &ll seperate.
Total number of arrengements in a circle = 7!
Number of arrangements where separased = 34!
oo Ways with at least two together = 71— 314!
= 4304,

gl

{¢) Number of ways = (5) + (3) + (3) + (3 + (3),
25

= 31.

{a) (i} cisd0 = (cis8)°, by De Moivre’s Theorem.
f.€, 00830 + {5in30 = cos® 4 + Bisinf cos¥ @ + 3 sin® @ oos b + B sin’ 4,
Equating real and imaginary parts,

cos 30 = cos® & — 3sin? #cos b,

cas® @ — 3(1 — cos? 8} cos 8,

cos*d — 3cosd + Bcosd 8,

dcos® f — Feosd.

3sind cos® 8 —sin® P,

Bsin {1 — sin? @) — gin? 4,

35ind — 3sin® 8 — sin? 9,

3uind — 4sin” 4.

sin 3¢

o nm

o

coz i

sin 30’

_ 4cos®d — 3eosf

" 3sind—4sin e’

4cat? 8 ~ Jeot b, sec?§
Jaec?d— 4

4oot? @ — 3 oot 8.1 + cot® 6)
31 +cot*d) -4 !

deot® ¢ — Fcotd — Jootd i
3+ 3cotd—d

cot® § — Scot §)

Jeotig—1 '’

{il} ecot3d

»

-3
= m,usmgt:cutf?.
{ili) Now cor3® = 1, 0 <8 <in
T bw 9w -
39:}]‘.2‘5 0< 36 < Br (%7)
13r 1Tn 2w
40 47 4
7 §£ 9 13w l’i'_r Ax
CItizt izt w1 e
o B3t
(iv) ol 1.
Sttt =0
Ag cotd = cot{r +4),
5
= -1%, 1—;, %12[ are the only distinct values from (iif) above.
S0 ¢ = catid = cot 7%, cot 5T, cot I are the roots.

T o G
Produet of the roats, -1 = cat IR cot Tk cot ETh



) v
2 (2} dz is shown by 4 4 B and

. : J:ﬁ.g(l‘) ax is shown by B,

------ : : I is clear that A +bB > B,
. : . A
h : e, [ Fla) do » I gl=) de.

0 ; s
0 a &
(#) ¥ = tanz,

¥ =sec?z>1va

2 tanx ls an increasing Funetion, T Sz £ (discontinuities at 4 are cutside the range).

{iii) When z = ¥, tanr =1,
and for I<ag ¥, tanz > I as tany is an increasing function,
tanw 1

: z > z as x> {
: z ¥
\ ¥ tanz ¥ dg
. by part {i): —dz > —.
; ° £ ®
¥ 4 4
[ E=ma, . :
z 1 R
=54, 10 :
4 :
= In = N
fanz 4 05 :
i6., / ~Zir >y 3 [8ce sketch.] :
3 = 0 ;
0 r r
4 3
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